Abstract. We prove an Iwasawa Main Conjecture for the class group of the p-cyclotomic extension F of the function field Fq(θ) (p is a prime of Fq[θ] ), showing that its Fitting ideal is generated by a Stickelberger element. We use this and a link between the Stickelberger element and a p-adic L-function to prove a close analog of the Ferrero-Washington theorem for F and to provide informations on the p-adic valuations of the Bernoulli-Goss numbers β(j) (i.e., on the values of the Goss ζ-function at negative integers).
Introduction
Let F = F(θ) (where F is a finite field of cardinality q = p e 3, with p prime (where C ∞ is the completion of an algebraic closure of the completion of F at ∞, more details are in Section 3.2 or in [10, Chapter 8] ). This function represents the function field version of the Riemann ζ-function for number fields: its values have analogous relevant arithmetical interpretations and have been the subject of investigations in recent years (see, for example, Taelman's results in [21] and [22] ). There is a canonical embedding Z ֒→ C * ∞ × Z p sending j to (θ j , j) and we usually write ζ A (j) for the value ζ A (θ j , j). Our main goal is to provide some information on special values at negative integers by studying the associated Bernoulli-Goss numbers β(j) (see Definition 3.13) . To do this we first prove an Iwasawa Main Conjecture for the p-cyclotomic extension F of F (p a prime of A), which will provide a link between a p-adic L-function interpolating the values of ζ A and a Stickelberger element related to class groups of subextensions of F.
Let Φ be the Carlitz module associated with A, fix a prime p of A and denote by Φ[p r ] the p r -torsion of the Carlitz module (see Section 2 or [17, Chapter 12] ). Let F n := F (Φ[p n+1 ]) and F := ∪ n F n . Then F/F is a Galois extension ramified only at p and ∞, whose Galois group is isomorphic to ∆ × Z On the algebraic side we study Cℓ 0 (F n ){p}, that is, the p-part of the group of classes of degree zero divisors of F n . Let X n be the curve associated with the field F n and T p (F n ) := T p (Jac(X n )(F)) the p-adic Tate module of its Jacobian: then Cℓ 0 (F n ){p} can be recovered as G F -coinvariants of T p (F n ) (see Lemma 4.5; here G F := Gal(F/F), with F a fixed algebraic closure of F). Let χ be any character defined on ∆ (hence χ = ω i p for some 0 i q d − 2) and let e χ be the associated idempotent: for any module M we shall denote by M (χ) := e χ M the χ-component of M . Note that all these characters have values in W , the Witt ring of the residue field F p at p, so, from now on, we consider algebras over the ring W . Moreover we recall that such characters are called even if χ(F * ) = 1 and odd otherwise.
Define the Stickelberger series for F n /F as Θ n (X) := q∈P F −{p,∞}
(1 − Fr
where P F is the set of places of F and Fr q ∈ Gal(F n /F ) is the Frobenius at q. For any character χ we put Θ n (X, χ) for the series verifying Θ n (X, χ)e χ = e χ Θ n (X).
Using some recent results of C. Greither and C.D. Popescu (see [12] and [13] ) we are able to compute the Fitting ideals of the Tate 
Remark 1.2.
The trivial character needs (as usual) some special treatment due to the presence of the ramified place p in the χ 0 -component of the relevant Iwasawa modules. In this paper we shall provide some results on the χ 0 -component as well but we leave the precise statements to the following sections, since they require a few more notations and all the main arithmetical applications will involve only the χ-components for χ = χ 0 .
Then, in Section 4.3, we prove all the compatibility relations needed to compute inverse limits in equality (1. To compute the Fitting ideals of the class groups (i.e., of the G F -coinvariants of the Tate modules) one simply specializes γ −1 to 1. In Section 5 (in particular in Lemma 5.4) we again check the compatibility relations needed to be able to perform (inverse) limits after this specialization. Thus we obtain an Iwasawa Main Conjecture (IMC) for the p-cyclotomic extension F/F as an equality of ideals in the (non-noetherian) Iwasawa algebra Λ: namely (see Theorem 5.2) . Theorems 1.4 and 1.5 are the key ingredients for the arithmetical applications we had in mind. Let π p ∈ A + denote a generator of p. In the final section we show that the BernoulliGoss polynomials β(j) verify:
• if j ≡ i (mod q d − 1) and j ≡ 0 (mod q − 1) (i.e., χ = ω i p is odd), then
• if j 1, j ≡ i (mod q d − 1) and j ≡ 0 (mod q − 1) (i.e., χ = ω i p is even), then
Using the fact that the β(j) are nonzero (see Lemma 3.14) and the injectivity of s modulo p, we get an analog of the Ferrero-Washington theorem on the vanishing of the Iwasawa µ-invariant for the cyclotomic Z p -extension of an abelian number field (Theorem 6.3). Using again the map s X , we show that N p (i) provides a lower bound for the p-adic valuations of the Bernoulli-Goss numbers v p (β(j)) for j 1, j ≡ −i (mod q − 1) (Corollary 6.8): a relation that, to our knowledge, seems to have no counterpart in the number field setting.
In the appendix we generalize some results of [13, Sections 2 and 3] to the case in which X/Y is a finite geometric cover of curves over F of Galois group G, and we assume that X/Y has a totally ramified place. In this setting we compute
where * (resp. ∨ ) denotes the Z p -dual (resp. the Pontrjagin dual).
We fix once for all an algebraic closure of F , which shall be denoted by F . For any ideal a of A write
for the a-torsion of Φ. It is an A-module isomorphic to A/a; in particular, if a|b as ideals of
Fix a prime ideal p ⊂ A of degree d p := d > 0 and, for any n ∈ N, let
be the field generated by the p n+1 -torsion of the Carlitz module. It is well known (see [17, Chapter 12] or [10, §7.5] ) that F n /F is an abelian extension with Galois group
where
is the p-Sylow subgroup of G n . By a slight abuse of notation, we identify the prime-to-p part of G n for all n, and denote it always as ∆.) The extension F n /F is totally ramified at p and tamely ramified at ∞, whose inertia group is cyclic of order q − 1: in particular, F n /F 0 is only ramified at p. In the isomorphism Gal(F 0 /F ) ≃ (A/p) * , the inertia at ∞ corresponds to F * . We define the p-cyclotomic extension of F as the field
with abelian Galois group
For any place v of F we denote by I v,n (resp. I v ) its inertia group in G n (resp. in G ∞ ). The set of ramified places in F/F is S := {p, ∞} and, for any n, one has
Denote by A p the completion of A at p, F p the completion of F at p and F p the residue field of A p . Readers who prefer a more "hands-on" approach might appreciate the equality
, where π p is the monic irreducible generator of p in A. The group of units of the local ring A p has a natural filtration: we put U n := 1 + p n A p . Let C p be the completion of an algebraic closure of F p : we also fix once and for all an embedding F ֒→ C p .
We have isomorphisms G ∞ ≃ A * p and Γ ≃ U 1 , which are induced by the p-cyclotomic character κ. To define κ we extend Φ to a formal Drinfeld module which we denote by the same symbol Φ : A p → A p {{τ }} (see [16] ). Then for any σ ∈ G ∞ and any ε ∈ Φ[p ∞ ] we have
This action provides the isomorphisms mentioned above. In particular, Γ n corresponds to
p (a product of countably many copies of Z p ).
As mentioned above, we define F p to be the residue field A p /pA p ; it is the same as the residue field A/p. Since we are in positive characteristic, F p can be canonically identified with a subring of A p (by lifting x = 0 tox, the unique root of 1 whose reduction mod p is x) and in the rest of the paper we shall generally think of it as such. The Iwasawa algebra we shall be working with is the completed group ring
For any n 0, the exact sequence Γ (n) ֒→ Γ ։ Γ n induces
We also put M n := p n Λ + I n−1 for any n 1. We recall some other basic facts on this non-noetherian algebra:
] is a compact W -algebra and a complete local ring with maximal ideal M 1 , so that ). Then for any a ∈ A − p, we can write a in an unique way as
where a p ∈ U 1 = 1 + pA p . The domain of ω p can be extended to all of A p (note that then the restriction of ω p to F p is just the identity) and equality (2.1) holds for any a ∈ A p − pA p . The restriction of ω p • κ : G ∞ → F * p to ∆ yields an isomorphism ∆ → F * p , which in the rest of the paper will be simply denoted ω p , by an abuse of notation meant to emphasize the "Teichmüller-like" quality of this characteristic p character. If, for any a ∈ A − p, we let σ a ∈ ∆ be the element such that
2.4.
Consequences of a theorem of Sinnott. Let C 0 (Z p , A p ) be the space of continuous functions from Z p to A p , endowed with the topology of uniform convergence. More generally, we can consider C 0 (Z p , M ) where M is any finitely generated A p -module: it turns out that C 0 (Z p , A p ) is the projective limit of C 0 (Z p , A/p n ) as n varies.
Following [20] , we define the A p -module of Dirichlet series Dir(Z p , A p ) as the closure in C 0 (Z p , A p ) of the module generated by the functions ϑ u :
The next theorem follows from Sinnott's results and ideas in [20] applied to our setting. such that for any γ ∈ Γ , one has s(γ) = ϑ κ(γ) . 2 The map ωp can also be defined as the morphism of F-algebras such that vp(θ − ωp(θ)) 1 : it satisfies ωp(a) ≡ a (mod p) and corresponds to the choice of a root of πp (because πp = πp(θ) ∈ A = F[θ] and we have πp(θ) ≡ πp(ωp(θ)) (mod p), therefore πp(ωp(θ)) ≡ 0). 
Proof
Proof. It suffices to remark that κ(Γ (n) ) = U n+1 . Hence for γ ∈ Γ (n) and y ∈ Z p we have
is precisely the closure of this ideal (that is, the image in
We have a commutative diagram
where the vertical maps are the usual natural maps. By construction s = lim
. We need to find c i ∈ F * p such that, for all y ∈ Z p , we have
This is equivalent to
If the δ i are distinct, we have nontrivial solutions and one of them represents a nontrivial element
which is sent to 0 by s n .
2.5.
Iwasawa modules in the p-cyclotomic extension. For any finite extension L/F , we let Cℓ 0 (L) be the group of classes of degree zero divisors and we denote by X L the projective curve (defined over F) associated with L. Let
be the p-Tate module of the F-points of the Jacobian of the curve X L . A first task is to compute the Fitting ideals of the modules
as Iwasawa modules over some algebra containing Z p [Γ n ] (the {p} indicates the p-part of the module; since we shall mainly work with p-parts, the {p} will often be omitted). Recall that
Then we shall perform a limit on n in order to provide a Fitting ideal in the Iwasawa algebra Λ. This will be achieved by means of several maps induced by the natural norms and inclusions (see Section 4.3).
For any p-adic character χ ∈ Hom(∆, W * ) =: ∆ we put
for the idempotent associated with χ (we shall denote the trivial character by χ 0 ). We recall a few basic relations for the e χ :
• for any δ ∈ ∆, e χ δ = χ(δ)e χ ;
• for any ψ ∈ ∆
A p-adic character χ on G n , which factors through ∆, is called odd if χ(I ∞,n ) = 1 and even if χ(I ∞,n ) = 1. As usual, for any W [∆]-module M , we denote by M (χ) the χ-part of M (i.e., the submodule e χ M ) and we have a decomposition
This decomposition will apply to lim
study in next sections. Finally, for any finite group U , we put
p-adic interpolation of the Carlitz-Goss L-function
In this section we present the analytic side of our work, i.e., the Carlitz-Goss ζ-function ζ A and the p-adic L-function we shall use to interpolate ζ A at integers. Moreover we introduce the Stickelberger series which will appear in Section 4 in the computation of Fitting ideals of Tate modules and class groups. The section ends with the fundamental relation between p-adic L-functions and Stickelberger series (Theorem 3.21) which will lie at the heart of all the arithmetic applications of Section 6.
For the convenience of the reader we will recall different constructions and properties: some of them are known but we lack an explicit reference including all of them.
3.1. Stickelberger series. Let K/F be a finite extension and E/K a finite Galois abelian extension with Galois group G. We assume that E/F is a geometric extension, i.e., the constant field of E and K are equal to F. Let S be a finite non-empty set of places of K containing the ramified places of E/K. For any field L, write P L as the set of places of L.
For ψ ∈ G := Hom(G, C * ) we put
where N b is the order of the finite field F b , s ∈ C with Re(s) ≫ 0 and ψ(b) = ψ(Fr b ), where
for a place β of E lying over b. In order to use the Euler factor corresponding to the ramified primes of E/K we recall that if b is totally ramified in E/K, then we put ψ(b) = 0 for any nontrivial character ψ. The above expression for L S (s, ψ) as an Euler product converges for Re(s) > 1.
Definition 3.1. We define the Stickelberger function by
where¯denotes complex conjugation and e ψ is an idempotent defined as in (2.2).
To provide some alternative formula for L S (s, ψ), we define the partial ζ-functions attached to g ∈ G as 
is the natural projection and E U is the fixed field of U . For our purposes it will be useful to have an interpretation of the Stickelberger function as a power series in one variable: the previous results will arise from the specialization of the variable X to q −s . We put
and define a global L-function introducing the remaining Euler factors as
It is known that, for a nontrivial character ψ, L(X, ψ) ∈ Z[X] (where Z is the integral closure of Z in the algebraic closure of Q), while, if ψ = ψ 0 is trivial, one has
The next result is well-known [17, Theorem 15.13] .
Proof. Taking idempotents e ψ in the series L S (X, ψ), it is easy to see that they belong to
For the Stickelberger power series we have the following property which can be proved just as the corresponding one for the complex function (in Lemma 3.2 (4)).
We recall here that, letting
Now we move to the extensions generated by some torsion of the Carlitz module (we shall soon specialize to the p-cyclotomic extension). Let A + be the set of monic polynomials in A and let a = (a) be the ideal generated by a ∈ A + . Then Gal(F (Φ[a])/F ) ≃ (A/a) * and we can represent the elements of the Galois group as 
Proof. Using the definition given in (3.5) (with G = Gal(F (Φ[a])/F ) ) and Lemma 3.2 (1) one gets
The lemma follows substituting the above formulas for the ζ S (X, σ b ).
Now consider the case a = p n with S = {p, ∞} and recall that for any n 0,
To shorten notations we put Θ n (X) := Θ Fn/F,S (X).
Lemma 3.6. We have the following equality of power series
Proof. For any ψ ∈ G n we have
Now take χ ∈ Hom(∆, W * ): since ∆ is a cyclic group of order q d − 1 we can write χ = ω i p for some 0 i q d − 2 (see Section 2.2) and we identify Hom(∆, W * ) with ∆. We denote by χ 0 the trivial character of Hom(∆, W * ). The computation in the proof of Lemma 3.6 leads to the following formula
which we use to define the series Θ n (X, χ). The switch in the notations is required to avoid any ambiguity with the p-adic L-function we define in Section 3.3: in this way we keep separated Stickelberger series (related to Fitting ideals of class groups, i.e., algebraic objects) and p-adic L-functions (interpolating the ζ-function, i.e., analytic objects), until they will be reunited by Theorem 3.21 and by the Main Conjecture (Theorem 5.2). By equations (3.3) and (3.4) we have that
Proof. Lemma 3.4 yields π
Definition 3.8. For any χ ∈ Hom(∆, W * ), we define the χ-Stickelberger function for the p-cyclotomic tower as
Now consider the series
(where Fr q ∈ G ∞ ). The Euler product formula (3.10) corresponds to the series expansion
where here Fr a ∈ G ∞ is the lift of the Frobenius corresponding to the ideal (a), whose prime factors are unramified in F/F .
Proof. Consider the natural projection
corresponding to the map Γ ։ Γ n . By Lemmas 3.6 and 3.7
the proposition follows.
3.2.
Carlitz-Goss L-function and Bernoulli-Goss numbers. We briefly recall the construction of Goss L-function and the main properties needed in our work, a general reference is [10, Chapter 8] . For any n 1 let A +,n := {a ∈ A + : deg θ (a) = n} and note that |A +,n | = q n . As usual we denote by F ∞ the completion of F at ∞, F ∞ will be its algebraic closure and C ∞ := F ∞ (the completion of F ∞ at the prime dividing ∞). Finally we let v ∞ : C ∞ → Q ∪ {∞} be the usual valuation with v ∞ (θ) = −1 and we fix an embedding of F in C ∞ . For any n ∈ N, we consider its q-expansion n = i 0 n i q i with 0 n i q − 1 for any i, and define its q-lenght by
For any j ∈ Z and i ∈ N put
Note that, for all j ∈ Z, S 0 (j) = 1.
The following properties are proved in [10, Proposition 8.24.8 (2)] and [19] .
Lemma 3.10. The following hold:
Let a ∈ A − {0}, and write it as a = a 0 + . . . + a n θ n with n = deg θ (a) and a i ∈ F. Put sgn(a) := a n ∈ F * and a
For a ∈ A + and s = (x, y) ∈ S ∞ , we define
y n is the usual binomial but we work in characteristic p). It is easy to see that, for any j ∈ Z, we have a c j = a j .
Definition 3.11. The Goss-Carlitz ζ-function is defined as
Reorganizing the terms we can also write it as
The second formula guarantees the convergence because of the following Lemma 3.12. for any y ∈ Z p and any n 1
and the claim is obvious. If y ≡ 0 (mod p n ), then take an integer y n−1 ≡ y (mod p n−1 ) with 1 y n−1 p n−1 − 1. Since q p, there are at most n − 1 terms in the q-expansion of y n−1 : hence ℓ q (y n−1 ) < n(q − 1) and, by Lemma 3.10, S n (y n−1 ) = 0. Therefore
In particular for any j ∈ N and x ∈ C * ∞ , we have the equality
which leads to the following Definition 3.13.
(1) For any integer j 0 we put
(it is a polynomial because of Lemma 3.10 (1) ). (2) For any j ∈ N, the Bernoulli-Goss numbers β(j) are defined as
and it is known that, for j 1 with j ≡ 0 (mod q − 1), we have Z(1, j) = 0 which correspond to a trivial zero in this setting (see [10, §8.13] ). Moreover it is clear that β(j) ∈ A and, for 0 j q − 1, β(j) = 1.
Lemma 3.14. For all j 0, we have β(j) ≡ 1 (mod θ q − θ). In particular β(j) = 0.
Proof. Recall that β(0) = 1 and S 0 (j) = 1 for any j 0. For any α ∈ F we can write a polynomial a ∈ A +,n in terms of powers of θ − α, i.e., a = a 0 + a 1 (θ − α) + · · · + (θ − α) n . Therefore, for any j 1,
Thus S n (j) ≡ 0 (mod θ − α) for any n 2 or for n = 1 and j ≡ 0 (mod q − 1). Moreover for n = 1 and j ≡ 0 (mod q − 1) one has
The lemma follows by the definition of β(j) (recalling that the θ − α are relatively prime and their product is θ q − θ).
p-adic L-function and interpolation.
The previous section dealt with the prime at infinity, now we focus on the other place in S. We give here the details of the construction of Goss p-adic L-function (we refer the reader also to [9] ). Recall that for our fixed prime p = (π p ) we defined ω p : A → F p (a character of order q d − 1 which induces the character ω p : ∆ → µ q d −1 ), and, for a ∈ A − p, we have a = ω p (a) a p where
Definition 3.15. For any 0 i q d − 1 and any y ∈ Z p , we define the p-adic L-function as (3.14)
The convergence after the specialization at X = 1 will be ensured by the following lemma (whose proof is similar to the one of Lemma 3.12).
Lemma 3.16. Let n be an integer 2d + 1. Then, for any 0 i q d − 1 and any y ∈ Z p ,
Proof. Note first that for any j ∈ N with j ≡ i (mod q d − 1). We have
(this holds for any n if we just put S k (j) = 0 for k < 0). 
As in the proof of Lemma 3.12, one sees that
The lemma implies that for any y ∈ Z p and 0
and, for any y ∈ Z p , we have
Proof. As seen in the proof of Lemma 3.16, we have
The first equation follows from the definition of Z(X, j). For the second equation note that, for any y ∈ Z p ,
Regarding the special values of L p we have the following
Proof. For any y ∈ Z p and m 1, take
(mod p p m ) (the final equality follows from Proposition 3.17, note that we have not used the hypothesis on i yet). Now, since j 1 and j ≡ i ≡ 0 (mod q − 1), we have Z(1, j) = 0 (see [10, §8.13] ) and the lemma follows taking the limit on m → +∞.
We also recall one of the main results of [2] .
Remark 3.20. It would be interesting to investigate further the values of L p (1, y, ω i p ) for odd i. In particular: is it true that for any 0 i q d − 2 with i ≡ 0 (mod q − 1) and for any y ∈ Z p , we have L p (1, y, ω i p ) = 0 ? There is an Euler product formula (an identity of formal power series) for the p-adic Lfunction:
where (with a little abuse of notation) we put ω p (q) := ω p (π q ) and q p := π q p for a monic generator π q of q (which obviously verifies also deg(q) = deg θ (π q ) ). The above formal expression provides an equality whenever we specialize X to some x ∈ C p with v p (x) > 0. We end this section relating L p (X, y, ω i p ) with the Stickelberg element Θ ∞ (X, ω 
induced by the s of Theorem 2.1, i.e.,
is the image, via s, of the reduction of α n modulo p). For any y ∈ Z p , we have
. Proof. Consider a ∈ A + − π p A + and let Fr a ∈ G ∞ = ∆ × Γ be the Frobenius element of the ideal (a). We can write Fr a = δ(a)γ(a) with δ(a) ∈ ∆ and γ(a) ∈ Γ: recall that the isomorphism ∆ ≃ (A/p) * is given by the restriction of the cyclotomic character κ, hence (by the definition of Teichmüller character) it verifies ω p (δ(a)) = ω p (a). By equation (3.11) and Proposition 3.9 we have
By definition, for any y ∈ Z p ,
Fitting ideals for Iwasawa modules
Let F be an algebraic closure of F and fix a topological generator γ of the Galois group G F := Gal(F/F) (the arithmetic Frobenius). For any field L we denote by L ar the composition FL (i.e., the arithmetic extension of L): if L/F is finite, then Gal(FL/L) ≃ G F . The arithmetic extension F ar is unramified at any prime and disjoint from F (which is a geometric extension), so Gal(
For any prime v of F , we let F ar n (v) be the set of places of F ar n lying above v and we put
Since we shall work with Fitting ideals we recall one of the equivalent definition of these ideals (the one more suitable for our computations).
Definition 4.1. Let M be a finitely generated module over a ring R. The Fitting ideal of M over R, Fitt R (M ) is the ideal of R generated by the determinants of all the (minors of the) matrices of relations for a fixed set of generators of M .
We remark that the integer n 1 will always denote objects related with the n-th level F n of the p-cyclotomic extension. We shall work at a fixed finite level n at first, then, in Section 4.3, we let n vary to compute limits.
4.1.
Fitting ideals for the Tate module (I): finite level. Let Fr v denote the Frobenius of v in G n : it is the unique Frobenius attached to v if v is unramified, or any lift of the Frobenius Fr v ∈ G n /I v,n to G n if v is ramified (this construction is easily seen to be independent from the choice of the lift). In particular Fr p = 1 (because p is totally ramified in F n /F ) and Fr ∞ = 1 as well because ∞ is totally split in F I∞,n n /F . We define the Euler factor at v as
where X is a variable which will often be specialized to γ −1 , so we also put
The next result is exactly [13, Lemmas 2.1 and 2.2] for F n /F . Lemma 4.2. Let v be a place of F , then:
and one has
If we consider ramified primes then the same holds over the ring
and
We shall be working with the p-part of class groups, hence there is no contribution from the toric part in the motive M S,Σ defined in [12, Section 2] (see [12, Remark 2.7] ). Therefore we can neglect the set Σ (i.e., assume it is empty) in what follows and focus simply on our S = {p, ∞}. Thus the main result of that paper ([12, Theorem 4.3]) reads as
where Θ n (X) is the Stickelberger element
(see Lemma 3.6, with d v := deg(v) ) and T p (M S ) is the p-adic realization of the motive
The modules T p (F n ) (defined in Section 2.5) and T p (M S ) fit into the exact sequence 
by specializing at γ −1 = 1. To do this we have to study the χ-parts of the module L n,d : in most cases we will be able to compute Fitting ideals using short exact sequences, while for the "trivial" component we will have to look for a resolution 0 → L n,d → X 3 → X 4 → 0 that will fit in the sequence (4.3) transforming it in a 4-term exact sequence to which we can apply [ 
Therefore the χ-parts depend on the values of χ on the elements of F * = I ∞,n and we have
Since there is no action of ∆ on
For any χ = χ 0 we can also observe that
so we are left with the trivial component (W ⊗ Zp L n,d )(χ 0 ) . From now on we omit the Zp in the notation ⊗ Zp : all tensor products will be defined over Z p unless we specify otherwise. The degree map on H p provides a decomposition
where (1 − γ −1 )H p is obviously in the kernel of the degree map on L n,d as well. For the trivial component we have 
is easily seen to be an isomorphism of
Computation of Fitting ideals (I).
The previous descriptions of the (W ⊗ L n,d )(χ) allow the first computation of Fitting ideals for the Tate modules.
Proposition 4.4. We have
(where * denotes the Z p -dual and
Proof. We split the proof in three parts, depending on the type of the character χ ∈ ∆.
Hence, by equation (4.1) above,
(because, by equation (3.9), e χ Θ n (X) = Θ n (X, χ)e χ ).
to which we can apply [7, Lemma 3 ] to get
Case 3: χ = χ 0 . Consider the resolution for L n,d (χ 0 ) provided by the sequences
and (4.8)
where the map on the left is given by 1 Hv → n(I v,n ) (v = ∞, p). To check exactness one simply observes that all the modules involved are Z p -free modules and counts ranks. Joining the sequences (4.7) and (4.8) with the sequence (4.3) and tensoring with W (limiting ourselves to the χ 0 -part), we find
We note that the assumptions of [13, Lemma 2.4] hold for the previous sequence (actually they hold before tensoring with W but the computation of Fitting ideals is not affected by that, moreover we use the full ring
instead of the R ′ of the original paper but the lemma still holds as the authors mention right before stating it). Indeed T p (M S )(χ 0 ) is finitely generated and free over Z p (so it has no nontrivial finite submodules) and it is Γ ncohomologically trivial by the proof of [12 
has projective dimension at most 1. Therefore we can apply [13, Lemma 2.4] which immediately yields the final statement of the proposition.
Fitting ideals for class groups.
There are deep relations between T p (F n ) and the modules C n := Cℓ 0 (F n ){p} (the ones we are primarily interested in). Indeed, as noted at the beginning of [13, Section 3] , the
n , i.e., its G F -coinvariants are isomorphic to the Pontrjagin dual of C n . Another one is provided by the following
Lemma 4.5. We have an isomorphism of
Proof. We recall (from Section 2.5) that C n is the p-Sylow of Cℓ 0 (F n ⊗ F F), hence it is divisible and isomorphic to (Q p /Z p ) r for some r g n (where g n is the genus of
-module and we have
(the Galois action on the module on the right is the usual one (σ · f )(y) := σf (σ −1 y) for any f ∈ Hom(Q p /Z p , C n ) ). By Lang's theorem (see, for example, [18, Chapter VI, §4]) we have an exact sequence
Applying the functor Hom(Q p /Z p , * ) (a similar argument can be found in [1, Lemma 4.1]) one gets
because Hom(Q p /Z p , C n ) = 0 (C n is finite) and Ext 1 (Q p /Z p , C n ) = 0 (C n is divisible). Now from the usual short exact sequence
applying Hom( * , C n ), we obtain
Therefore we have an isomorphism
Remark 4.6. Equation (4.9) and Lemma 4.5 together yield
This general statement appears in [12, Lemma 5.18 ].
Definition 4.7. Let χ ∈ Hom(∆, W * ) with χ = χ 0 and n ∈ N ∪ {∞}, we define the modified Stickelberger function as χ) ) . While the isomorphism (4.9) leads to Corollary 4.9. For the trivial character χ 0 we have
(where Q(W ) is the quotient field of W ).
Fitting ideals for Tate modules (II): infinite level.
Consider the Iwasawa tower F/F and let ϕ n+1 n : X F n+1 → X Fn be the morphism of curves corresponding to the field extension F n+1 /F n ; it is a Γ n+1 n := Gal(F n+1 /F n ) Galois cover totally ramified at p. As before χ denotes an element of Hom(∆, W * ). We have natural morphism i n n+1 : T p (F n ) ֒→ T p (F n+1 ) (induced by the natural map from C n to C n+1 ) and a map N n+1 n : T p (F n+1 ) → T p (F n ) induced by the norm map from C n+1 to C n . Observe that, for any n, N n+1 n • i n n+1 = q d . In this section we shall meet various other maps induced by norms (resp. inclusions) on different modules/objects: by abuse of notations we shall denote all of them by N n+1 n (resp. i n n+1 ), when we need some distinction between them we shall write N (•) n+1 n (resp. i(•) n n+1 ) to denote the map defined on the objects • or T p (•).
Norm and inclusion maps.
Consider now the Picard 1-motive (following [12] ) M S,n := M S,Σ,n (we recall that we can take Σ to be the empty set) associated to X Fn × F F, where S is the set of the points of F ar n lying above the primes of S = {∞, p}. Denote by T p (M n ) the p-adic Tate module associated with M S,n . We have a natural inclusion map i n n+1 : 
is the augmentation ideal (i.e., generated by {σ − 1 : σ ∈ Γ n+1 n } ).
Proof. By [12, Theorem 3.9] (in particular, its proof) we have that T p (M n+1 ) is Γ n+1 n -cohomologically trivial, i.e.,
For i = 0 we have that
, therefore the norm map is surjective. With i = −1 we obtain that the kernel of N (M) n+1 n is given by the augmentation module
We have a commutative diagram of short exact sequences
where all vertical maps are induced by norms: in particular note that N (L) n+1 n corresponds to the natural map on divisors
Lemma 4.11. Let χ = χ 0 and n 1. Then 
The previous two lemmas lead to similar statements for the map N (F ) n+1 n (χ).
n -cohomologically trivial and a free W [Γ n ]-module. In particular
module of projective dimension less than or equal to one.
Proof. Consider the short exact sequence
-free and cohomologically trivial by [12, Theorem 3.9] . Therefore (W ⊗ T p (F n ))(χ) is projective over W [Γ n ] and cohomologically trivial. Now, since Γ n is a p-group, W [Γ n ] is a local ring and projective modules coincide with free modules. The cohomological triviality over Γ n+1 n is similar and straightforward. The assertion on Ker (N (F ) n+1 n )(χ) comes from the triviality of the H 1 . Now take Γ n+1 ninvariants in the sequence for even characters (for odd ones there is nothing to prove)
(using Lemmas 4.10 and 4.11). 
Since F n /F is disjoint from F/F, the norm acts on G F as multiplication by [F n : F ]. For any subextension E/K and for any k ∈ Z, we have
and, in particular,
is not Γ n -cohomologically trivial (and not not necessarily W [Γ n ]-free).
Computation of Fitting ideals (II). We define
(the limit is on the norm maps studied above). We recall that
Proof. 
for all n 1. The module on the right is finitely generated over
so, by a generalized Nakayama Lemma (see [3, Corollary p. 226]), we have that T p (F)(χ) is finitely generated as a W [[Γ]][[G F ]]-module. By Proposition 4.4, we have Θ
i.e., the module T p (F)(χ) is torsion. 
Proof. By the previous proposition we can find an r ∈ N such that the following diagram commutes
(where the central map is the canonical projection) and, by Proposition 4.4,
We recall that the maps π n+1 n and N (F ) n+1 n (χ) are surjective and that their kernels are (respectively)
The map between these two kernels is obviously surjective, hence, by the snake lemma sequence, we have that b n+1 n is surjective as well.
Taking the inverse limit in diagram (4.11) (which verifies the Mittag-Leffler condition), we obtain the exact sequence
Recall that we can use any β 1 , . . . , β r ∈ B n as rows of a matrix M β 1 ,...,βr ∈ M at r (W [Γ n ]) and
) is generated by the det (M β 1 ,. ..,βr ). The surjectivity of the maps b n+1 n implies the same property for the induced maps b n : B ∞ ։ B n , i.e., the "relations" at the infinite level are all induced by "relations" already existing at lower levels (the technical arguments of the final parts of [11, Theorem 2.1] are not necessary here because of the presence of just one ramified prime and our previous computations on kernels of norm maps, see also [11, Remark 2.2 (2)]). Using the characterization of the Fitting ideal in Definition 4.1, it is easy to see that the surjectivity of the b n and the sequence (4.12) yield the desired result, i.e., 
Iwasawa main conjecture for the p-cyclotomic extension
Remark 5.3. The theorem above allows us to compute the Fitting ideal of C(χ) as the inverse limit of the Fitting ideals appearing in the (natural) filtration of F given by the fields F n . A different approach to the same problem is provided in [5, Section 5] where the authors use a filtration of Z d p -extensions (the fact that the limit is independent from the filtration is proved in [6] ). In that paper the statement of the Main Conjecture involves characteristic ideals but (for Iwasawa modules) they coincide with Fitting ideals whenever the Fitting is principal (see, for example, [4, Lemma 5.10]).
Before going into the proof of the above theorems, we need a crucial lemma.
Lemma 5.4. Let F 0 ⊂ K ⊂ E ⊂ F, where E/F is a finite extension and G := Gal(E/K) is a p-group. For any field L ⊂ F we let p L be the unique prime of L lying above p, we recall that Cℓ 0 (L) denotes the group of classes of degree zero divisors. We have the following properties:
, where p t := (|G|, d), v is a place of K lying above a prime of A of degree r (prime with p) and which is totally split in E. The second term disappears when we multiply by e χ with χ = χ 0 , in particular, for χ = χ 0 , we have
. Proof. For simplicity we write N and i for N E K and i K E respectively. (1) Take D ∈ Div 0 (K) a divisor such that i(D) = div(α) for some α ∈ E * (div(α) denotes the divisor in Div(E) associated with α). For any σ ∈ G we have σ(i(D)) = i(D), so, since the field of constants of E is still F, we have σ(α) = ξ σ α for some ξ σ ∈ F * and σ(α q−1 ) = α q−1 , i.e., α |F * | ∈ K and, as a divisor, div(α |F * | ) = (q − 1)D. Consider the field extension K(α)/K and assume that p E divides α. Since p
Hence K(α)/K is unramified at p K and it has to be K(α) = K, i.e., α ∈ K and D is principal in Div 0 (K) already. (2) We need several steps:
and is generated by the class of p E . Write Div(K) = ⊕ v Zv (v runs through all the primes of K) and
where G v is the decomposition subgroup of v in G, and obviously
For the ramified place we have σ(p E ) = p E and |G|p E = i(p K ): this yields the statement.
Since D has degree zero we have
By part (b) it is enough to build a divisor of exact order p t . Let r be prime with p: by Chebotarev density theorem there exists a (monic) irreducible polynomial Q in A such that deg θ Q = r and the prime (Q) is totally split in E. Take a prime v of K dividing (Q) so that, in particular, deg K (v) = r. Put
it is easy to check that (by construction) D ∈ Div 0 (E) G and its order is p t .
hence it is generated by the class of D).
For any field L write P L for the principal divisors of L. Consider the exact sequences
Taking G-cohomology in (5.1) one finds
(because of Hilbert 90 and because G is a p-group so H i (G, F * ) = 0 for any i 1), so, in particular, P G E = P K and H 1 (G, P E ) = 0. The G-invariants of the sequence (5.2) then fit into the diagram
and the snake lemma sequence yields the desired isomorphism.
Recall that ∆ = Gal(F 0 /F ) has order prime to p. The previous steps can be proved exactly in the same way for the field extension E ∆ /K ∆ , i.e., we have
and a generator is the class of
and it still has order p t because (|∆|, p) = 1. Therefore the class of
and, by construction, ∆ acts trivially on it. Hence for χ = χ 0 we obtain
and for the trivial character we have
(3) This is just class field theory: we sketch the proof only to recall the main correspondences between class groups and unramified extensions (which are a bit different from the number field case). Let v be a place of K which divides ∞, in particular deg K (v) = 1. Write B for the ring of elements in K which are regular outside v: since v is of degree 1, we have Cℓ(B) ≃ Cℓ 0 (K). Let H(K) be the maximal unramified extension of K in which v is totally split. By class field theory, the Artin map provides an isomorphism Gal(H(K)/K) ≃ Cℓ(B) and, because of the ramification in E/K, we have H(K) ∩ E = K. Denote by C the integral closure of B in E (i.e., the elements in E which are regular outside any w|v): there is a natural map Cℓ 0 (E) → Cℓ(C) which preserves Galois action and is surjective (because deg E (w) = 1). It only remains to prove that the natural norm map Cℓ(C) → Cℓ(B) is surjective. Let H(E) be the analogue of H(K) above (now totally split at w), so that Gal(H(E)/E) ≃ Cℓ(C). By construction EH(K) ⊂ H(E), hence the restriction map
is surjective. The well known diagram of class field theory
concludes the proof. (4) Consider the sequence
(we recall that for any W -module M one has |M | = p u·ℓ W (M ) with ℓ W the length and
We first assume that G = δ is cyclic. Then the exact sequence N ) )(χ)| (simply by counting cardinalities). Since (1−δ)(W ⊗Cℓ 0 (E))(χ) ⊆ (W ⊗Ker (N ))(χ), we have the equality between them.
For the general case G we use an induction argument on |G|. If |G| = 1 there is nothing to prove (or, if |G| = p, then G is cyclic and we have the proof above). Consider now K ⊂ E ′ ⊂ E, where G 1 := Gal(E/E ′ ) is a cyclic group and we put G 2 := Gal(E ′ /K). By the inductive step and the cyclic case we have
By part (3) all norms are surjective and, since
Proof of Theorem 5.1. Recall that C n := Cℓ 0 (F n ){p}: by Corollary 4.8, we know that for χ) ) . By the previous lemma the kernel of N (C) n+1
Proof of Theorem 5.2 (IMC). By Theorem 5.1 the Fitting ideal Fitt
The statement is equivalent to the equality
Take r ∈ N such that e χ C is generated by r elements, say y 1 , . . . , y r , and let y 
(where the central vertical map is the natural projection) and note that the kernels of π (4) ). Therefore the induced map between the kernels is surjective and this, together with the surjectivity of π n+1 n , yields the surjectivity of b n+1 n by the snake lemma. Now the diagram above verifies the Mittag-Leffner condition, so, taking the limit, we have an exact sequence
Working as in Theorem 4.15, one sees that the surjectivity of the b n and the sequence (5.
We end this section with a remark on the module structure of C(χ).
Proof. Let M be a finite Λ-submodule of C(χ) of order |M | = s (obviously a power of p). It is enough to prove that there is no p-torsion in M , so let α = (α n ) n∈N ∈ M be such that pα = 0 (so that pα n = 0 for any n ≫ 0). Fix n and take a γ i,j among the generators of Γ which acts trivially on F n . Denote by L ∞ = ∪L m the Z p -extension topologically generated by γ i,j over Take ν big enough to have pα ν = 0 and L m+1 F n ⊂ F ν , and consider the tower of extensions
¿From the surjectivity of the norm maps proved in Lemma 5.4 one has
is just multiplication by p and we get i n ν (α n ) = 0. But Lemma 5.4 part (1) shows that the maps like i are injective so α n = 0 and, eventually, α = 0 as well.
An application to Bernoulli-Goss numbers and p-adic L-functions
We define an arithmetic invariant related to our p-adic L-function. 
.
Lemma 6.2. We have the following equality
By Definition 3.13, if j ≡ 0 (mod q − 1), we have
The lemma follows noting that the set {j
Theorem 6.3. [Ferrero-Washington Theorem for nontrivial characters] For any
We consider two cases depending on the type of the character ω i p . Recall that, by Lemma 3.14, β(j) = 0 for any j 0. Case 1: i ≡ 0 (mod q − 1) , i.e., ω i p is odd. In this case Θ # ∞ = Θ ∞ . The previous lemma shows that L p (1, j, ω −i p ) is nonzero, hence, by Theorem 3.21, s X (Θ ∞ (X, ω i p ))(−j) |X=1 is nonzero as well, in particular one finds out that s(Θ ∞ (1, ω i p )) = 0. Since the map s is injective on Λ/pΛ (by Theorem 2.1), it follows that
We get the claim as in the previous case: specializing at X = 1 and using the injectivity of s.
As a consequence we find that the p n -torsion of C(χ) looks like a pseudo-null module in a non-noetherian Iwasawa algebra. 
Proof. By Lemma 3.10, we have 
In the following we still consider non trivial characters only.
Corollary 6.8 (Arithmetic properties of Bernoulli-Goss numbers).
which is well defined because of Theorem 6.3). Then
Proof. For 1 i q d −2 we define m p on negative integers by putting
In Section 2.4 we saw that the map s can be computed by taking the limit on the (induced) maps
Therefore, for n m p (−i), we obtain that s n (Θ # n (1, ω i p )) is the zero function, while
Since the maps s n are not injective in general (see Proposition 2.3) we only obtain an inequality
The proof for even nontrivial characters (i.e., for i ≡ 0 (mod q − 1), i = 0) is similar.
Remark 6.9. We can define similar arithmetic invariants for the Z p -cyclotomic extension of a number field k. For simplicity we just consider k = Q with p = 2, the generalization is straightforward. Take a character χ in Hom(Gal(Q(µ p )/Q), Z * p ) and let
be the associated p-adic L-function. Let Q n := Q(µ p n+1 ) be the layers of the Z p -cyclotomic extension and let X = lim
and we can define
Finally let Θ Qn/Q,p (χ) be the Stickelberger element (see [24, Chapter 6] ): again via the Main Conjecture, we have
The Ferrero-Washington theorem ( [24, Theorem 7.15] ) implies that
is well defined. At present it is not clear whether there is any kind of relation between m p (χ −1 ), the p-adic valuations of generalized Bernoulli numbers and N p (χ) in this setting.
Appendix A. Computing Fitting ideal with a totally ramified place
This appendix generalizes some of the results in [13, Sections 2 and 3] (with ℓ = p) to the case in which there is a totally ramified place v not necessarily F q -rational. Let X → Y be a finite abelian Galois covering of smooth projective curves over a finite field F (of order q = p k with p prime) with Galois group G. Equivalently we can consider a finite abelian Galois extensions L/F (where L and F are the function fields F(X) and F(Y ) respectively) with Galois group G. We always assume that F is the field of constants of X, i.e., the cover X/Y is a geometric cover. Let S be a non-empty finite set of closed points on X containing all the ramified primes of the cover X/Y . We recall the short exact sequence of
where Jac(X)(F) are the F-points of the Jacobian of X, T p (Jac(X)(F)) is the usual Tate module at p and L is the kernel of the degree map Z p [S] → Z p (S is the set of points in X × F F above the points v ∈ S). The central module T p (M S ) is related to the p-adic realization (or p-adic Tate module) associated to the Picard 1-motive M S,Σ (Σ is a set of closed points of X disjoint from S): a detailed description of M S,Σ in terms of divisor classes quite useful for computations is provided in [12, Section 2] . For any set Σ there is a short exact sequence (see [13, Equation ( 2)])
but, since we are only considering the case p = char(F ), the toric part T p (τ Σ (F)) vanishes ( [12, Remark 2.7] ) and Σ has no concrete influence on the module we are interested in, i.e., we can assume Σ = ∅. In this setting the main result of [12] Therefore one has a short exact sequence
(resembling (4.8)). We now proceed as in Case 3 of Lemma 4.4: putting together equations (A.1), (A.4) and (A.5) we obtain the four exact term sequence
Denote by X 2 , X 3 and X 4 the second, third and fourth modules appearing in the sequence above. All modules above are finitely generated and free over Z p , moreover X 3 has projective dimension 0 or 1 over To apply this to class groups, following [13] , observe first that T p (Jac(X)(F)) * ≃ Hom(Jac(X)(F){p}, Q p /Z p )
where Jac(X)(F){p} denotes the divisible group given by the p-power torsion elements. Consider the projection morphism π 
(where M G F denotes the G F -coinvariant module of M ). Moreover the G F -coinvariants of T p (Jac(X)(F)) * correspond to (T p (Jac(X)(F)) * ) G F = Hom(Jac(X)(F) Note that e v 1 (γ −1 ) = 1 − γ −dv 1 and consider the element e dv 1 := e v 1 (γ −1 )
